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1 Introduction

Since 1978 many theoretical and experimental advances in mesoscopic physics were
recorded. This branch of condensed matter physics describes systems with interme-
diate sizes. Since the 1980s M. A. Kastner and his group have been studying narrow
transistors[I]. He describes his discovery in an article in Reviews of Modern Physics
(1992). Several years before this article was published he and his group accidentally
discovered the so called single-electron transistor and they studied how to control its
behaviour. First they saw oscillations of the conductance in narrow Si-transistors like
in Fig[l To understand the dependence of the period of the oscillations they made
many experiments with GaAs transistors, which Meirav et. al [2] had discovered at
that time and they came to the result that each oscillation stands for adding one
electron.[I] Thus Kastner et al. conclude that submicronsize transistors, which are
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Figure 1: Coulomb oscillations for a symmetric Si-transistor ([I])

connected to their lead electrodes via tunnel junctions, turn on and off again every
time an electron is added. This was different from the transistors, which were usu-
ally used at that time. They only turn on once as electrons are added.[I] L.Sohn,
L. Kouwenhoven and G. Schén describe in their work about the mesoscopic electron
transport(|3]) the theory of single-electron tunnelling, with emphasis on the Coulomb
blockade effects. They studied the current in a symmetric single-electron transistor.[3]
In these devices the metallic island, which has a capacitance in the range of 10~ '°F or
smaller, is separated by tunnelling barriers with the tunnelling resistance Ry > (e%)
[4] Such systems are in a regime where the charging energy FE. is larger than the ther-



mal energy KT. [5] Sohn et. al describe the so called Coulomb oscillations, where
the current (and the differential conductance) oscillates with the gate voltage, which
controls the additional energy of the metallic island. [3][4] This effect can be exploited
to control the transfer of a single charge from one island to another. [4]

S. Geifiler et al. [6] studied Coulomb blockade effects in nano fabricated narrow
constrictions in thin (Ga,Mn)As films. They observed nested Coulomb diamonds and
anomalous conductance suppression in the vicinity of charge degeneracy points. They
analyzed the transport characteristics of the system with a modified orthodox theory
of Coulomb blockade which takes into account the energy dependence of the density
of states in the metallic island. They assumed a density of states with an upward
shift in energy of the minority spin band with respect to the majority spin band and
saw that there is a conductance suppression for tunnelling if the chemical potential
lies between the bottom of the majority and of the minority spin band for low bias
voltages. But this does not describe the fact that there is a full suppression of the
conductance peaks.[6] Because of this we want to consider conductance suppression
for another density of states.

The aim of this work is to study the Coulomb blockade effects in semi-conductive is-
lands. We calculate the characteristics for tunnelling processes with a energy-dependent
density of states and compare this with the results of the energy-independent density
of states.

The thesis is structured as follows: Sec. 2 explains the building and functionality of
the single-electron transistor. In Sec. 3 we briefly outline the calculations of the char-
acteristics of the transport theory. The framework is the orthodox theory of coulomb
blockade. To get a final analytical equation for the transition rates we first evaluate
the master equation for the reduced density matrix. Then the resulting current can
be evaluated with the calculated tunnelling rates. In Sec. 4 we present the results of
the transport theory with an energy-dependent density of states of the island. The
conclusion is written in Sec. 5.



2 Single-Electron Transistor

An elementary Coulomb blockade circuit is the so called single-electron box. It consists
of a small metallic island, which is coupled via a tunnel junction to a source electrode.
There is also a gate connected via a capacitor to the system. The number of excess
electrons in the island can be varied by changing the gate voltage, due to the change
of the electrochemical potential of the island. The latter helps the electrons from the
source to tunnel in the island in discrete steps.[3][7] The single-electron-transistor, or
the SET, is very similar to the single-electron box. It has though three electrodes. The
island is coupled via two tunnel junctions to the the transport electrodes source and
drain. Furthermore, as well as in the single-electron box it is capacitively connected
to the gate.[3] The structure is sketched in Fig. The charging energy is given as a
function of the integer number n of excess electrons and of the gate charge.
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Figure 2: Schematics of a single-electron transistor. The island is coupled via a ca-
pacitor(purple) to the gate and via tunnel junctions to source and drain.

(ne — Qg )?
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ch(n, Q) 5C (1)
The total capacitance C is expressed as the sum of the junction capacitances and

the gate capacitance. To calculate the gate charge we require also the three voltages,
Vi for the gate, Vg for the right lead and Vi, for the left lead.[3]



Qa = CeVo +CLVL + CrVR (2)

We assume that there are N extra electrons in the island. There are four possible
tunnelling processes, which change the current charge state. They are all depending
on the energy difference between the final and the initial state AFE.,. One possible
electron transfer, which replaces N — N + 1 is characterized by the energy difference
Esn(N +1,Qc) — Ecn(N,Q¢). It occurs when the electrochemical potential in the
left or in the right lead is high enough to compensate AFE.,. Thus an electron can
tunnel in the island. After the increase of the electron number in the island due to an
electron transfer from i.e. the left lead to the island, it is possible that an electron of
the island tunnels to the right lead. Thus the island is again in charge state N. This
hole process runs if both

eVL > Ech(N + 17 QG) - Ech(N7 QG) (3)
for the transition from N — N + 1 and

eVr < Ech(N + LQ(;,) — Ech(N, Qg) (4)

for N+1 — N are concurrently valid. This way a current flows through the transistor.
The electrons are transferred one-by-one, due to the fact, that the number of excess
electrons, so the charge state, is an integer number.[7] One speaks of a Coulomb
blockade if none of the above equations Eq. and Eq. is satisfied. The charge
state can be shifted by varying the gate voltage.[8] The quantum fluctuations in the
particle number N should be sufficiently small that the charge is well localized on the
island. We consider the uncertainty relationship AFEAt > ki, where t gives the time to
transfer charge into and out of the island: At ~ R;C and AE % Combining these
two equations gives that the tunnel resistance should be sufficiently large:

h
Rt>e—2.

In Fig[3] the voltage for the left electrode is above the threshold voltage to overcome
Coulomb blockade. Thus one electron can tunnel in the island. After this process the
island is in charge state N+1 and the fermi energy of the island is raised by E.;. There
will be a gap that prohibits a second electron from tunnelling into the island from the
left lead. No further charge flows until the extra electron on the island tunnels into the
right electrode, taking it back to the N state. This process lowers the Fermi energy in
the dot and allows another electron to tunnel from the left electrode inside and then
the process repeats itself.[8]
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Figure 3: Band diagram of a single-electron transistor, illustrating the Coulomb
blockade effect for a applied bias voltage.



3 Orthodox theory of Coulomb blockade

The above introduced device consists of an island in tunnelling contact with source
and drain leads (see Fig. . To shift the energy level in the island, it also interacts
capacitively with a nearby metallic gate. To study this problem we use the orthodox
theory of Coulomb blockade. The theory is based on the master equation for the
reduced density matrix.[3][5][7][9][10] To analyze the tunnelling processes in the tran-
sistor we will calculate the transition rates and the current. The time to tunnel from
one side of the barrier to the other is on the order of 10~!*s, whereas the actual time
between tunnelling events themselves is on the order of 107 '2s. The time for charge to
rearrange itself on the electrodes due to the transition of one particle is also very short.
Therefore we can consider that the junctions act as ideal capacitors which charge is
slowly gone through.[8] The hole system can be described by the Hamiltonian

H = Hsys + Hext + Htun + Hleads~ (5)

We assume, that the island is large enough to have a quasi continuous single-
particle spectrum, but small enough that their charging energy dominates the transi-
tion process.[6] Hence the Hamiltonian for the island reads

sys Z sz dza + N(N ) (6)

It describes the island with many—body eigenstates, where ¢; gives the single particle
energy, d}o creats a particle in the island and d;, annihilates one. U labels the charging

energy of the island and N = Yo Mo 18 the number operator.[1T] The Hamiltonian
for the metallic leads

Hycads = Z ekCLkUCako (7)

a,k,o

describes them as a Fermi-gas of noninteracting particles. The operator chU creates
a quasi-particle with spin o and energy e .[II] The index k labels the momentum of
the electrons in the source and drain contacts and « = I, r, for the left (source) and
the right lead (drain). The effects on the system caused by the gate voltage V are
described by the Hamiltonian:

Hexi = €V, N. (8)

To study the electron transfer between the leads and the system the tunnelling
Hamiltonian is introduced. It depends on the tunnel matrix elements T%;, which now
can be considered as a constant Ty; = T

Hyw =T 3" (chiotlio + dlycaro ) - 9)

a,i,k,o



3.1 Calculation of the transition rates

For the following calculations Hyy, is treated like a perturbation, because we assume
a weak coupling between leads and island.[II] The density matrix plays an important
role in the quantum statistic. It can deliver all informations about a system. The
equation of motion for the density matrix in the interaction picture can be calculated
with the quantum mechanical Liouville-equation:

ap(;it) - _% [Htun,l (t)a P1 (t)] . (10)

Integration after ¢ and reinserting in Eq. gives an integral over a double-commutator.
Since we are not interested in the details of the dynamics of the leads, we trace over
the corresponding degrees of freedom. This gives for the equation of motion of the
reduced density matrix, approximated to second order:

pI,red(t) = _%/t dt/Trleads{[Htun,I(t); [Htun,l(t/)a pI(t/)]]}~ (11)

To bring this into a time-local form, we replace pr(t') by p1(t), which is allowed
to lowest order in the tunnelling coupling. The leads can be considered as thermal
reservoirs which stay in thermal equilibrium. We also assume that the influence of
the island on the system is weak.[IT] Because of this the statistic operator can be
factorised: pr(t) = pred,1(t) ® pleads; where pieads gives the density operator for the
leads in thermal equilibrium. The general transformation from the interaction picture
to the Schrédinger picture is given by the equation:pr(t) = e Hot pre~#Hot. To apply
this on Eq. this term has to be derived and changed. We substitute the time
t" =t —1t and say t” = ¢/. In the introduced problem we find: Hy = Hgys + Hexs.
Hence the equation of motion for the reduced density matrix in the Schrédinger picture
reads

. )
pred(t) = _ﬁ [Hsys + Hext7 Pred (t)] -

) (12)

oo
ﬁ /0 dt/T‘rleads{[Htun; [Htun,l(_tl)7 pred,I(t> ® pleads]]}~
The metallic island relaxes to equilibrium after each tunnelling process, because of
its continuous spectrum and to the action of additional sources of dissipation. Thus
the shape of the density matrix is: prea = Yy Pn(t)pen,n. P is the probability for
the island to be in charge state N and p¢, v represents the system in the local thermal
equilibrium. We define

1
pth,N - 7 exXp [_ﬁ(Hsys + Hext)] PNv (13)
N

where Zx gives the partition function Zn = Treys{exp [~8(Hsys + Hext] PN}, B = 77
and Py is the projector on the subspace with N particles, which can be written as



Py =3 = IN)(N]. (14)

N

After inserting Zy in Eq. and making use of the properties of the trace, the
density operator in the thermal equilibrium becomes

e—ﬁ(Ew Ei'fbw)PN
Z{nia}N <ﬁ‘iff|eiﬁ(zi° ciftia) |ﬁia>

The approach for the normalization Trgyspsys(t) = 1 gives the result:

Pth,N = (15)

Do} (Rigle™P(Zio M) Pyl )
Treys{ )  Pn(t)pinn} = )  Pn = T
” %: zN: X nioyn (igle™P i iRio)]fiyg)

“ >y
N
This result confirmed that Py is a probability. From that the equation of motion

for Py (t) can be calculated. Because of the previous calculations it is known, that
Pn = Treys{preda(t)Pn}. Thus with Eq. @D follows

PN(t) = _h2|T|2TrSyS{PN/O dt/TrlcadS{[ Z (Clkadig + d-iro—caka)

a,i, ko

,@Lw«%v¢4—5w+ﬂA—ﬂme«%vxEjPMpmwv®mmﬁﬂ}}.

N/

This double-commutator can be figured out. The outcome terms are separated in two
trace-parts. We also exploit the possibility to change the trace cyclical. Hence

10



Py(t) = hQZ/ ar’ ik

]z,k,a’
(— t/)pleads}Trsys{PNdw o(—t") pen, N7 } Pnr—
Tricads {Cako €l o (—1") Preads } Trays {d) Prdjo (=) pen v} P+
(— tl)pleade}Trqys{PNdlod]g( t') pen, N’ } Pno —
(—t')preads } Trsys{die Pndl, (—t') pen, v+ } P —

Trleads {cakacakg

Trleadﬂ;{c Cako
ako

Trleads{c Cako
ako

/

Trleads{cakg( t )Cakapleads}Trsys{dja( )PNdeth,N’ }PN’+
’I‘rleads{clka—( tl)cakapleads}“sys{dja( )djg,PNpth,N’ }PN’ -
e

Trleads{cakcr( ! akapleads}Trsys{d ( )PNdiopth,N’}PN’+

Trleads{cozkcr (_tl)clkapleads}Trsys{dj‘o- (—t/)diaPNPth,N’ }PN’ .

In the next step we are making use of the following terms for the trace over the lead
degrees of freedom, where f gives the Fermi function which is defined as: f(ep — po) =

m. This describes the occupation probability for a state with energy €.

tl)pleads} = f(ek - lffa)ekk% 16

(=
T‘I‘leads{cakgcaka< t/)pleads} = [1 — f(Ek _ Ma)]e—iek%

(
(
’ (
(

Trleads {Cakgcaka

17

l

Tricads {Cako (—')chpy Preadst = [L = flex — pa)]es 7 18

)
)
)
)

Q—+ Q—

t)
) 19

) ’
& kapleads} = f(ek - ﬂa)eizek%

Trleads{cako' ( t/

The only statistically relevant term of Hgyy is Zw eidjgdw.[ﬁ] Under this assump-
tions we can continue with the terms, where we take the trace over the leads in Eq.
(16). For this the explicit time evolution of the system operator should be calculated.
The time evolution operator is:

Up(t) = et Tio idiodiot’ o1 (Vy N+ EN (N -1t (20)

The external and interacting components become numbers and can be evaluated im-
mediately. Now using the description of the projection operator in Eq. and
inserting two identities with M and M’: >, , |M) (M| in front of the left and after the
right exponential function gives for the third term:

Trsys{PNdiad;g(—t/)pth,N/} =

i V)t _i P i o (2].)
e Vot Uy {PNdw@ R d;r‘geﬁ 2io Ciftiot pth,N’} -

11



Moreover, we calculate the time evolution with the left exponential-function in Eq.

(21):

d ) 7 - ’ AP ’
ad}a(_t/) = %e‘ﬁei"“’t [d}a,emw} enciftiot’ (22)
The commutator gives [d}a,emw] = —eid;aéij. This yields a differential equation,

which can be easily solved: d;rg(ft’) = e net’. dja. Putting all results together gives

Troye{ Prdiodl, (—t )pun,n:} = e H VU 55600 Ty {diad;rapth,fv'} - (23)

These are behaving a little bit different, if the order of the operator in the trace is
another. Le.:

Troys{djo (—')Pnd], ponnr} = e Vot UN=IDE 505y 1 Trgys {diod;;rgpth,N’} .

(24)
The left terms can be evaluated in the same way. Here we see the difference of the
charging energy AFE., in the exponential function. The form of the delta-function
depends on the position of the projection operator. The problem now is, that pwn v
fixes the total particle number of the system to N. In the limit of large particle numbers
the canonical and the grand canonical ensembles coincide. Thus we can make the
approximation:

’I‘rsys {diodzgﬁth,N} ~ T‘rsys {digdjg'p/\ﬂj\f} ) (25)
where .
PO =B s (6 — un)Nio]
M Trgys{exp =B, (6 — i )iiio]}
Under these assumptions the trace in Eq. can be evaluated. We use the

abbreviations: f(er — pto) = f(ex) and [1 — f(ex — pa)] = [, (€x). Furthermore, we
introduce py = psys. The above assumption in Eq. carries

Trays {diadl'taﬁuw} =1— f(€& — fisys)- (26)

The other system traces can be evaluated in complete analogy. Now we use these
results and the equations for the trace over the lead degrees of freedom and combine
them in Eq. (16). Thus we can write Py (t) as

12



Py(t) = —1/0 a3 3|7

ac ik

F @) o |~ 6+ oV, + UN = )| Pute)+

fa_ (Ek)fs-;s(q) exp %(61 + 6Vg + U(N - 1) - Ek)t/:| PN(t)—

fa () fs(ei) exp —%(ei +eV,+UN — ek)t’} Pyya(t)—

far (er) foys(€0) exp

%(q eV, +UN —1)— ek)t'} Py_1(t)—

) ]
fa (@) Ia(e) exp | 5 (e +eVy +UN — )i’ | Py (6)—

fo(er) foys(€i) exp —%(Gi +eVy +U(N —1) —e)t' | Py-1(t)+

—(e;+eVy+UN —ex)t' | Py (t)—

far (er) foys(€i) exp

i (en) fhlee) exp | (e eV + UN = 1) = )t | P (o).

In the next step we can combine respectively two terms: The first and the seventh,
the second and the eight, the third and the fifth and the fourth and the sixth. This
process results in four terms. Each of them can be written as two times the real
part of the exponential function. Substituting % = x and using 2ARe fooo dxe'AEr —
2whd(AE) yields

Py = _% S TP [f;r(ek)fsg,s(ei)%rhé(ei +eVy+UN —€) Py (t)+

ao ik
fo (er) fhs(€i)2mhd (e + eV + U(N — 1) — e,) Py (t)—
fo (ex) fops(€)2mNd (e + eVy + UN — ;) Py (t)—
f;(ek)fsys(el)Qwhﬂq +eVy+U(N —1)—e)Pn-(t)].
(27)
Next we transform: >, — [ deDgys [0 dexD,, where the density of states
D, and D, were introduced. This defines the number of states per energy interval.

In this chapter we assume that the density of states for both, the island and the leads
is constant.

13



Thus

. 1 ) +oo +oo
Py=-)" ﬁ|T| 27Dy Dsys de; / dey, [

[e7en

fo (ek) foys(€0)2mo(€i + eVy + UN — ) Py () +

fo () fbo(€)2md (e + eVy + U(N — 1) — ) Py (t)— (28)
Jo (er) fys(€0)2md(€; + eV + UN — ) Py (t)—

fa(er) foye(e)2md(ei +eVy + U(N — 1) — ek)PN_l(t)} .

These terms can be interpreted as transition rates. They describe the tunnelling of
one particle of the states k in the leads to one of the free states i in the island. The
first term characterizes the transition from the state with N particles to N+1. The
second one describes the change of N to N-1 and the last two terms describe the
tunnelling process from N+1 and N-1 to N. The energy conservation is expressed by
the J-function. It contains the change of the charging energy, which is required for
the transition and also for the energies of the particle states e, ;. Now we can make
the final integrations. First we substitute the constant -, = 22%D,XDSyS\T|2 and then
continue with the integration over €. Exploiting the properties of the delta function
carries

+oo
Pv) =Y [ da {—
(fa(ei+eVy +UN) f(ei) + fo (6 — eVy + U(N = 1)) f(e)) Pn(t)+

fo(ei+eVy+UN) [ (&) Prnyr(t) + fi (ei + eVy + U(N — 1))fs}s(€z‘)PN1(f)] :
(29)

For solving the last integral we want to rewrite the above equation. We make a
partial fraction expansion for f¥(e;)f~ (e2). This results in

fH(e)f (e2) = np(er — e)[f T (e2) — fH(e1)]. (30)
Furthermore, we can make use of the following relation:
+o0o
[l fHerw] v (31)
— 00
where ng(e; — €2) = m defines the Bose-Einstein function. Using the first

identity (Eq. (30)) gives

14



PN(t) = Z’)/a /dei |:

[nB(_ﬂa + eVg +UN + ,U/sys)( S—;S(Ei) - fa-:_(ei + 6va + UN))] PN(t)_

[n5(ta — Ve = U(N — 1) = psys) (fa (€5 + Vg + U(N — 1)) — fe(€)] P (t)+
[nB(:Ua —eVy = UN — pisys)(f (e + eV +UN) — :s‘—;/s(€i)j| Py (t)+

[

np(—pa +eVy + UN —1) + NSyS)(fgzs(ei) — fa (e +eVy +UN — 1))] Py_1(t)].

(32)
Now we can apply the second relation on Eq. and obtain
PN (t) = Z Ve |:_
nB(—pa +eVy + UN + psys) [—pa + €Vy + UN + pigys] P (t)—
np (0 — eVy ~ UN — 1) — i) [0 — eV ~ UN — 1) — pin] Py (0)+ 33

np(fta —eVy — UN — psys) [a — €Vg — UN — pisys] Pn11(t)+

np(—pa +eVyg+U(N — 1) + pgys) [—fta +€Vy + U(N — 1) + psys] Pn—1(t) |-

With Fermi‘s golden rule we can identify the tunnelling rates, so we can present the
master equation for the orthodox theory of coulomb blockade:

Py(t) =~
[FIJV—>N+1 4 FﬁV%N%»l 4 F{V—)N—l 4 FiV*)Nil]PN(t)ﬁ’ (34)
[FIJV+1—>N 4 F£V+1~>Nj| PN+1(t) 4 [1—\{\7—1—>N 4 FiV*l*)N] PN—I(t),

where we have introduced the equations for the transition rates, which describe the
tunnelling processes in and out of the island. In the following calculations we only
consider the transitions from the state with N excess electrons to N+1 and the reverse
process (compare with Fig. .

For the left lead we define

+(eV, + UN — £V4)
+_ g 2
I = cE(VotUN—5V;) _ 1" (35)

Here we assume a junction with symmetric bias voltage. Such that we can define the
chemical potential for the leads as p; = po + % and p, = po — 52& We introduce

15



r

Figure 4: Schematics of the island with source and drain leads. The island is capac-
itively coupled to the leads. Transitions from N to N-+1 and from N+1 to
N for the source lead are also sketched.

1o, which gives the chemical potential for the leads at zero bias voltage and we also
assume, that gy = 11o. In analogy to Eq. we obtain

e eV, + UN + 5W)
v T I eVt UNTES) _ 1

(36)

In this two equations we use the short-cut for the transition from N to N+1 (+) and
N+1to N (-). Looking at Fig. ), which represents the transition rate for the process,
where one particle tunnels from the left lead into the island, one can see the positive
slope. There is almost no suppression of the transition at low gate voltages. The
transition is getting higher with the bias voltage. Looking at bigger gate voltages the
linear increase of the region where no transition takes place is good to see. Thus the
transition rate is very small at zero gate voltage. This information can be compared
with Eq. . At constant bias voltage we can see on Fig. ), that the transition
starts suddenly at one point. This happens if the chemical potential of the lead is
big enough to compensate the difference of the charge energies. In the example of our
plot, we assumed that eV, = —U, so that the transition starts at zero bias. Eq. (33)
reveals that there is a Coulomb blockade, if AE.;, — o, = 0. The pre factor ~, can be
written as vy, = %, where R; gives the tunnel resistance.

16



I/ (meV)

eV (meV)

o

20 20 5
4
15

‘ E 3

10 + :/
e —%I‘; 2
’ 1
-20 0 0

-20 -15 -10 -5 0 -10 -5 0 5 10
eV (meV) eVy(meV)

(a) (b)

Figure 5: Tunnelling rate for the transition from state N to N+1 for the source elec-
trode: a) Depending on bias and gate-voltage. b)With constant gate volt-
age. The rate was plotted for the source electrode an with following pa-
rameters: U = 10meV, N =1, kT = 0.0lmeV, eV; = —10meV.

3.2 Calculation of the current

The above results also determine the current. Considering the latter example for the
left lead, we we find the equation:

L(t)=—eY [TV 7N Py (t) — TV NPy ()] (37)
N

Taking into account that we are talking about a stationary state, we exploit the prin-
ciple of detailed balance. This expresses

PN(F{V%N+1 +].—‘,’{V_>N+1) — PN+1(I\§V+1~>N +F7]Y+1—>N) (38)

To get the final equation for the current we also use that the sum over all prob-
abilities is equal to one and at low bias voltages only two charge states play a role:
Py (t) + Py41(t) = 1. Putting this two identities together gives expressions for the
probabilities.

N+1-N
— (e}
Py = Z (FN—>N+1 + FN+1—>N)’ (39)
P o (40)
N+1 = N—N+1 N+1-N\-°
Za (Pa + FO‘ )
Inserting this in Eq. , we find
FN—>N+1FN+1HN _ FN+1—>NFNAN+1
Il (t) _ [ 1 T l r ] (41)

e :
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Figure 6: The resulting current for the left lead for the transition from N to N+1 and
from N+1 to N. Following parameters were assumed: U = 10 meV, N=1,
kT =0.01 meV, v, =y, = 1012 %

which gives us Fig. @ This shows the current, depending on gate-and bias-voltage,
where the slopes of the plot provides informations on source- and drain leads. There
are two different slopes. The negative slope represents transitions from or in the drain,
where the upper part determines a process where one particle goes into the drain, the
lower stands for the reverse process. The positive inclination provides informations
about the transition processes in the source lead. The upper slope can be compared
with Fig. ), thus we find that this is related to the transition from N to N+1 and
the lower is again the reverse process.
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4 Calculations with a energy-dependent density of
states of the island

In the previous chapter, it was assumed, that the density of states is independent of the
energy. But especially in semiconducting islands the energy dependence of the density
of states of the island should also be taken into account. In our following calculations
we want to consider a density of state of the island which has got a gap between two
different band edges (see Fig. . The two edges can be interpreted as the valence-
and the conduction band in semi-conductive materials. We first assume a symmetric
distribution and define the size of the gap as A. In the middle of the gap lies the
chemical potential of the lead, so that there should be no transition. In the following
calculations we want to check if increasing the voltage enforces transition processes.
The density of states of the island is given by

F Y

O(-E+p-1/2A)

Figure 7: Sketch of the density of states of the island.

A A
Dsys(ei) - Dsys (@(61 - Msys - 5) + @(—61' + /J'sys - 2)) . (42)

Here the constant [)Sys defines the strength of the density of states. The step functions
can be approximated as Fermi functions, because the upper one goes to infinity and
the limit of the lower one is minus infinity. This yields

2
(43)

o A AN - i A
Dsys(ei) - Dsys (f (Gi,ufsys2)+f+(6iﬂsys+2)> - Dsys Z f (Gi*,ufsys+7_*)a

where we have defined 7 = +1.
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4.1 Calculation of the transition rates

For the following calculations we take Eq. and replace Dgys by Dgys(e;). Thus
Eq.(29) becomes

} A

PN = Z’?a/deifq-(ei — Hsys + 7-5)

— (ff(ei+eVy + UN) foo(e) + fo (ei — eV + U(N = 1)) fi (1)) Pn(t)

+ fo (e +eVy+ UN)fE (&) Pyii(t) + [ (ei + eV + UN — 1)) fo(€) Py -1 (t) |,
(44)

where 7, is given as: 9, = 228D,D,,|T|?>. The difference to Eq. is, that
when we sum over 7 we have one part (for 7 = —1) where the integrals look like:
j;o fT(@+a)f~(x+b)f (x + ¢)dx and the others (1 = +1) have the shape of:

fjoooo f(x+a)f (x+b)fT(z + c¢)dz. First we make the integration over the terms
with 7 = —1:

“+o0
/ de fT(z+a)f (z+0)f (v +c) =

/_E:OO dznp(a—0b) <f+(:r+b) — f(x +a)>f(x +c) =
np(a —b) [nB(bc) /Z dz (er(erc) f+(:c+b)> W)

wata= [ ar(Fer-rtera)] -

np(a—b) (F(b —¢)— Fla— c)>.

Here for the first two steps we made use of Eq. and in the last step we exploited
Eq. (31). Like in Eq. np defines the Bose-Einstein function and F(z) reads:
F(z)=xxng(x) = -

For the remaining integration for 7 = +1 we use: f*(z) =1 — f~(z). This results in

“+oo
/ do fH(z +a)f~(z + 0)f* (z + d) =
. (46)

+oo
/ dx [f+(x+a)f—(x+b) et f @b f (4 d)|.

— 00

The first term can be calculated in the same way as we did in the previous chapter
and the last product is the same as for 7 = —1, hence Eq. reads
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F(a—b)—nB(a—b)(F(b—d)—F(a—d)). (47)
With this considerations we arrive at the final equation for Py:
PN = Z’?a [
- {F(_Na + psys T eVy + UN) +np(—pa + psys +eVy + UN)(
A A
- TF(—T§) + TF(—pa + €Vy + UN + pigys — 72)>
+ F(pta — tsys — €Vy + U(N — 1)) + np(ftsys + fta + Vg —U(N — 1))(
A A
— TF(—pa + psys —eVy + U(N — 1) —T;)JrTF(—T?) Py
+ {F(an — Hsys — €V —UN) + np(ta — Psys — €V _UN)<
A A
—TF(—,ua—‘r/},sys—FeVg—‘rUN—TE)-‘rTF(—TE) Py

+ {F(_Ma + eVg + U(N - 1) + Msys) + nB(_NOt + eVg + U(N - 1) + Msys)(

A A
- TF(-T;) - F(_:uot + Hsys + e‘/g + U(N - ) — 7'2)> }PN—l

(48)

Comparing this with Eq. gives the transition rates. We again assume a symmetric
bias voltage and that the chemical potential of the island is po. Hence we find

I =, F(i(—kng +eV, +UN)) + nB(i(—kng + eV, + UN))-
A A
(i (F(Z) —F(—k%Vb+eVg+UN+5) (49)

- F(—%) + F(—k‘gvb +eVy+UN — 2)))] :

where k is +1 for o =1 and -1 for o =r. To see the behaviour of the particles we plot

the tunnelling rates for the left lead (see Fig. , where the system in charge state N
proceeds in charge state N+1.
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Figure 8: Transition rate for constant gate voltage and with following parameters:
U=10meV, kT=0.01meV, N=1, A=2meV, eV;=-10meV

The transitions begin when our bias voltage is about 2 mV. This reveals that the
gap between the two bands of our density of states prevents electron tunnelling. In
our example we have chosen A=2 meV and eV, = —U and it's revealing to see that

with eVp=2 meV we can counteract the blockade.

4.2 Calculations of the current

The current can be evaluated in the same way as we did in the previous chapter.
Inserting the transition rates from Eq. in Eq. gives the final equation for
the current for the processes N to N+1 and N+1 to N. The resulting plot can be
seen in Fig. [0 Different to our first current there is a gap in Fig. ] due to the gap

in our density of states. The equation for the current (see Eq.(#1)) can be used to

calculate de conductance G = ;—‘2. The plot of G in the V;-V,-plane shows stable
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regions corresponding to each N for which no tunnelling may occur (see in Fig. .
These structures are called Coulomb diamonds. The dark areas correspond to regions
where the current vanishes and hence where Coulomb blockade exists. The brighter
the areas are, the higher the conductance is. Since there is a gap in the current, there
is also no conductance at the edges of our coulomb diamonds, thus there would be
no peak in a plot for the conductance at zero bias. Hence the tunnelling of a source
electron into the island is highly suppressed for low bias voltages, because no states
are available near the Fermi level. Only after the bias voltage exceeds the gap, the
suppression is lifted and the current increases.

x10~10
20

4
3
10 5

eV, (meV)
o
N o

-10

1 1
EEN w

-20
-20 -15 -10 -5 0
eVy(meV)

Figure 9: Current for the left lead, depending on bias-and gate-voltage with following
parameters: U=10meV, kT=0.01meV, N=1, A=2meV, v, = 7, = 1012 L
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Figure 10: Conductance plotted as a function of gate- and bias- voltage with following
parameters: kT= 0.07 meV, U=11.2 meV, psys=-3.5U, po=0, ¥, = ¥ = %

4.3 Variation of the density of states

Further we want to understand more about the behaviour of the conductance de-
pendent on the density of states. We first assume that the density of state is spin
dependent and there is a shift between spin-up and spin-down band. This assump-
tion modifies Eq. (49). We assume that the density of state is not symmetric around
Hsys- Because of this we set % = Bl,,, % = B2, for spin up and % = Blaown,
% = B2g4own for spin down. Moreover, there should be a pre factor of % in Y,. In
our first calculation the energy bands are shifted, such that the top of the spin down
band is above the chemical potential (see in Fig. . The result is plotted in Fig.
It shows the Coulomb diamonds without suppression at the charge degeneracy points
around V;, = 0. This is fascinating, because despite the gap around pys, there is no
current suppression. The reason for this is, that there is no full gap around Fermi

level, because the top of the lower spin-down band is on the height of the bottom of
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Spin down

Spin up

Figure 11: Sketch of the density of state with shifted spin-up and spin-down bands.

the upper spin-up band. According to this there are available states for an incoming
electron near the chemical potential. Further we assume to have an asymmetric bias
voltage, such that the potentials of the leads are:

1
22 :/~LO+€§Vb

Hr = Ko — e;‘/b

With the same band splitting as in the above example we get asymmetric coulomb
diamonds in Fig. [I4] due to the unequal voltage input of source and drain. Further
thinking of a density of states, where the shift of spin-up structure to spin-down
structure is such, that there is again a gap around the chemical potential (see Fig.
. We can observe asymmetric coulomb diamonds with current suppression around
zero bias (compare Fig. . That is how we have expected, because there are again
no available states around figys.
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Figure 12: Conductance plotted as a function of gate- and bias- voltage with shifted
spin-up and spin-down band. Including following parameters: k7 = 0.07
meV, U = 11.2 meV, pgys = —3.5U, pg = 0, Bly, = 1, B2, = —4,
Bliown = 3, B24ouwn = 1, ’?l = :Yr = ;_ll
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Figure 13: Schematics of a density of states with shifted spin-up and spin-down
bands. There are no available states around the Fermi level
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Figure 14: Conductance, depending on bias- and gate-voltage with its characteris-
tics, the coulomb diamonds. The plot is for an asymmetric bias voltage
and shifted spin-up and spin-down band( Bl,,=1, B2,,=4, Bliown=3,
B24own=1), with following parameters: ¥T = 0.07 meV, U = 11.2 meV,
Hsys = =3.5U, o =0, 7, =% = %
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Figure 15: Conductance for a asymmetric bias voltage and shifted spin-up and spin-
down band ( Bly, = 2, B2, = —2, Blaown = 3, B24own = 1). The plot
has following parameters: k7' = 0.07 meV, U = 11.2 meV, puyys = —3.5U,
o =0, % =% = 1-
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5 Conclusion

After a short introduction on the Coulomb blockade effects (Sec. 1), we introduce the
single-electron transistor. In the third section we have calculated the characteristics
of tunnelling with the orthodox theory of coulomb blockade. First we have evaluated
the equation of motion for the reduced density matrix. The density matrix is very
important for a system, because all physical observables can be calculated with it.
Furthermore, we have calculated the master equation, which is characteristic for the
orthodox theory of Coulomb blockade. Hence we got the transition rates for the
tunnelling processes. In Fig. ) we observed that if we choose: V;, = —U, the
transition begins when we switch on the bias voltage. This is according to Eq. .
The aim of this work was to study the causes for current suppression, which Geifler et
al. found in their work [6]. First we have assumed a density of states, which is energy-
dependent and has a structure where the chemical potential lies in a gap between
the lower and the upper band of the density of states (see Fig. [7)). The resulting
conductivity-plot shows suppressions at the degeneracy points around zero bias. We
again considered the transition rate at V, = —U in Fig. 9 and saw that there is no
tunnelling until the bias voltage exceeds the gap-width (in our example 2 meV). We
plotted the conductance for a shifted density of states, under the assumption that the
density of state is spin-dependent. There is a shift between the spin-up bands and
the spin-down bands. With this modelling the suppression at the charge degeneracy
points can be prevented, like we did in the first example. We also took into account
that a symmetric bias voltage is not realistic. The pre factor of the bias voltage
normally depends on the capacitances of the leads and of the gate. We saw that with
an asymmetric bias voltage the coulomb diamonds also get asymmetric, as one can
see in Fig. In the last consideration we assumed an asymmetric bias voltage and
again a shifted density of states. We kept an eye on the vicinity of the Fermi level, so
that there is a full gap. Like expected there‘s again no conductance at the degeneracy
points around zero bias.

The main result of this work is that with a gap in our density of states we can explain
current suppression at charge degeneracy points. In this work we used a very simplified
model. We neglected the dependence of the density of states of the leads and other
spin effects. To understand the results of the experiments [6] better, there should be
a more realistic description of the density of states of the island.
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