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Motivation

Why triangular triple quantum dot?
Smallest quantum dot system which shows

I orbitally induced interference 1

I analytic, non trivial many-body states

Why noise?
I holds information about interplay of statistics, geometry and

interactions
I unravels underlying bunching mechanisms

1A. Donarini et al. - PRB 82, 125451 (2010)
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Model

Extended Hubbard model

ĤTQD = ξ
∑
iσ

niσ + b
∑
i 6=j,σ

d†jσdiσ

+ U
∑
i

(
ni↑ −

1
2

)(
ni↓ −

1
2

)
+ V

∑
i<j

(ni − 1) (nj − 1)

I single particle part is diagonal in angular momentum basis
I many-body states are fully characterized by |N,E;S, Sz, Lz〉
I analytical eigenstates
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Eigenstates
N Eigenenergy S Sz Lz Eigenstate in the basis {|n0↑, n1↑, n−1↑;n0↓, n1↓, n−1↓〉}
0 E0 = 0 0 0 0 |000, 000〉

1

E10 = ξ − U
2 − 2V + 2b 1

2
− 1

2 0 |000, 100〉
1
2 |100, 000〉

E11 = ξ − U
2 − 2V − b 1

2

− 1
2
−1 |000, 001〉
1 |000, 010〉

1
2

−1 |001, 000〉
1 |010, 000〉

2

E20 = 2ξ − U − 3V + b+ U−V
2 − s−2 0 0 0 cos(φ−2)|100, 100〉 − sin(φ−2) 1√

2 (|010, 001〉+ |001, 010〉)

E21 = 2ξ − U − 3V + b 1

−1 −1 |000, 101〉
1 |000, 110〉

0 −1 1√
2 (|100, 001〉 − |001, 100〉)

1 1√
2 (|100, 010〉 − |010, 100〉)

1 −1 |101, 000〉
1 |110, 000〉

E22 = 2ξ − U − 3V − b
2 + U−V

2 − s1 0 0 −1 cos(φ1)|010, 010〉 − sin(φ1) 1√
2 (|100, 001〉+ |001, 100〉)

1 cos(φ1)|001, 001〉 − sin(φ1) 1√
2 (|100, 010〉+ |010, 100〉)

E23 = 2ξ − U − 3V − 2b 1
−1

0
|000, 011〉

0 1√
2 (|010, 001〉 − |001, 010〉)

1 |011, 000〉
E24 = 2ξ − U − 3V − b

2 + U−V
2 + s1 0 0 −1 sin(φ1)|010, 010〉+ cos(φ1) 1√

2 (|100, 001〉+ |001, 100〉)
1 sin(φ1)|001, 001〉+ cos(φ1) 1√

2 (|100, 010〉+ |010, 100〉)
E25 = 2ξ + b− U − 3V + U−V

2 + s−2 0 0 0 sin(φ−2)|100, 100〉+ cos(φ−2) 1√
2 (|010, 001〉+ |001, 010〉)

3

E30 = 3ξ − 3
2U − 3V + 2

3 (U − V ) [1− λ0/(2|a|)] 1
2

− 1
2
−1 v0,1|100, 101〉 − v0,0|010, 110〉 − v0,−1|001, 011〉
1 v0,1|100, 110〉+ v0,0|001, 101〉 − v0,−1|010, 011〉

1
2

−1 v0,1|101, 100〉 − v0,0|110, 010〉 − v0,−1|011, 001〉
1 v0,1|110, 100〉 − v0,0|101, 001〉+ v0,−1|011, 010〉

E31 = 3ξ − 3
2U − 3V 3

2

− 3
2

0

|000, 111〉
− 1

2
1√
3 (|001, 110〉 − |010, 101〉+ |100, 011〉)

1
2

1√
3 (|011, 100〉 − |101, 010〉+ |110, 001〉)

3
2 |111, 000〉

E32 = 3ξ − 3
2U − 3V + 2

3 (U − V ) [1− λ1/(2|a|)] 1
2

− 1
2
−1 v1,1|110, 100〉 − v1,0|101, 001〉+ v1,−1|011, 010〉
1 v1,1|100, 110〉+ v1,0|001, 101〉 − v1,−1|010, 011〉

1
2

−1 v1,1|101, 100〉 − v1,0|110, 010〉 − v1,−1|011, 001〉
1 v1,1|100, 101〉 − v1,0|010, 110〉 − v1,−1|001, 011〉

E33 = 3ξ − 3
2U − 3V + (U − V ) 1

2

− 1
2

0

1√
2 (|001, 110〉 − |100, 011〉)

1√
6 (|001, 110〉+ 2|010, 101〉+ |100, 011〉)

1
2

1√
6 (|110, 001〉+ 2|101, 010〉+ |011, 100〉)

1√
2 (|110, 001〉 − |011, 100〉)

E34 = 3ξ − 3
2U − 3V + 2

3 (U − V ) [1− λ−1/(2|a|)] 1
2

− 1
2
−1 v−1,1|100, 101〉 − v−1,0|010, 110〉 − v−1,−1|001, 011〉
1 v−1,1|100, 110〉+ v−1,0|001, 101〉 − v−1,−1|010, 011〉

1
2

−1 v−1,1|101, 100〉 − v−1,0|110, 010〉 − v−1,−1|011, 001〉
1 v−1,1|110, 100〉 − v−1,0|101, 001〉+ v−1,−1|011, 010〉
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E34 = 3ξ − 3
2U − 3V + 2

3 (U − V ) [1− λ−1/(2|a|)] 1
2

− 1
2
−1 v−1,1|100, 101〉 − v−1,0|010, 110〉 − v−1,−1|001, 011〉
1 v−1,1|100, 110〉+ v−1,0|001, 101〉 − v−1,−1|010, 011〉

1
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Method
Generalized reduced density matrix

ρχ = trres
{
eiχNρtot

}
= ρ+

∞∑
k=1

(iχ)k
k! Fk

Generalized master equation

ρ̇χ = Lρχ +
(
eiχ − 1

)
J +ρχ +

(
e−iχ − 1

)
J −ρχ

Liouvillian

Lρ = − i
~

[
ĤTQD + ĤLS , ρ

]
+ Ltun ρ

I orbital degeneracies require inclusion of coherences



Michael Niklas
University of Regensburg

Method

Stationary solution2

Lρ∞ = 0

LF∞1⊥ =
(
−eI − J + + J −

)
ρ∞

with F1⊥ = (1− ρ∞trTQD)F1

Current, noise and Fano factor
I = −e∂t 〈N〉 = −etrTQD

{(
J + − J −

)
ρ∞
}

S = e2∂t
(
〈N2〉 − 〈N〉2

)
= e2trTQD

{
2
(
J + − J −

)
F∞1⊥ +

(
J + + J −

)
ρ∞
}

F = S

e|I|
2F. Kaiser and S. Kohler - Ann. Phys. 16, 702 (2007)
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The Fano factor

F < 1

Anti-bunching
“fermion like”

⇓

Sub-Poissonian Noise

F = 1

Independent tunneling
events

⇓

Poissonian Noise

F > 1

Bunching
“boson like”

this talk

⇓

Super-Poissonian
Noise
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Stability diagram

U = 5|b|, V = 2|b|, kBT = 0.002|b|, kBT = 20Γ and b < 0
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I interference blockade → dark states

1A. Donarini et al. - PRB 82, 125451 (2010)
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Dark states

Dark states

|N,αi; DS〉 = 1√
2

[
ei

2π
3 |N,αi, Lz = 1〉 − e−i 2π

3 |N,αi, Lz = −1〉
]

I simple expression in angular momentum representation
I every level with angular momentum degeneracy can form a DS
I DS is antisymmetric with respect to σv1

fulfills 3

〈N − 1, αi;Lz = 0|d1σ|N,αj ; DS〉 = 0

3T. Kostyrko and B. Bułka - PRB 79, 075310 (2009)
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Dark states

Example DSs in position basis:

one-particle first excited state with Sz = 1/2 4

|1, α1; DS〉 = 1√
2

(
−

)

two-particle first excited state with Sz = 0

|2, α1;DS〉 = 1
2
√

3

[(
−

)

−
(

−
)

+ 2
(

−
)]

4B. Michaelis et al. - EPL 73, 677 (2006)
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Dark states

three-particle ground state with Sz = 1/2

|3, α0; DS〉 =v1

(
+

)
+ v2

(
+

)

+ v3

(
+

)
+ v4

(
+

)

+ v5
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Stability diagram for I and F
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Stability diagram without principle parts
Principal parts (HLS) blur everything → solve without

0

1
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3

4

−10 −5 0 5 10

eV
b/
|b|
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0

1
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3
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−10 −5 0 5 10
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2

4

F
n

v

11111

5
3 4
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5
3

<7
5
9

5
9

1
2

I clear polygons
I super-Poissonian noise (F > 1) indicates blocking
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Blockade mechanisms

F = 1 F > 1 F > 1

CS DS

Coulomb blockade Channel blockade5,6 Interference blockade

Effective slow+fast channel model provides Fano factor

Fnv = 1 + 2ΓfL
ΓsL + ΓsR

,

5W. Belzig - PRB 71, 161301(R) (2005)
6C.W. Groth et al. - PRB 74, 125315 (2006)
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Blockade mechanisms at the 20 ↔ 30 resonance

Fnv = 1 + 2ΓfL
ΓsL + ΓsR

,

ΓfL = ΓsL
↓

Fnv = 3

?

⇔
CS DS

ΓfL 6= ΓsL ?
↓

Fnv = 5
3
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Blockade mechanisms at the 20 ↔ 30 resonance
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Fingerprints of interference at 20 ↔ 30

Dynamics for µL � µR

ρ̇3 = 0 = 2ΓRLρ2 −
Γ
2 {RR, ρ3}

Γα = ΓRα and the rate matrices in

angular momentum basis

RL =
(

1 ei
2π
3

e−i
2π
3 1

)

RR =
(

1 e−i
2π
3

ei
2π
3 1

)

dark state basis

RL =
(

3
2 −i

√
3

2
i
√

3
2

1
2

)

RR =
(

0 0
0 2

)

Fnv = 1 + 2ΓfL
ΓsL + ΓsR

= 1 +
21

2
3
2 + 0

= 5
3

0

1
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Fingerprints of interference at 20 ↔ 30
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Conclusion

interference
Interference occurs when energetically equivalent
paths involving degenerate states contribute to
the dynamics

dark states

|2, α1;DS〉 = 1√
6

(
+ + 2

)

fingerprints of interference

super-Poissonian Fano factors (e.g. F = 5/3)
which indicate a characteristic bunching dynamics

PRB 95, 115133 (2017)
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Robustness

break angular momentum degeneracy

H∆ = −∆Eσz/2 ⇒ H∆ = 1
2

(
0 ∆E

∆E 0

)
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(b)

|I
/e

Γ
0
|

∆E/~Γ0

eVb = 0.40|b|
eVb = 1.15|b|
eVb = 3.00|b|
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0.3
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Super-Poissonian Fano factors

Γf

Γs

Uncorrelated unblocking events 5,6

p = Γf
Γf + Γs

F = 1 + p

1− p

Two levels
I probability to enter the blocking state is p = 1

2
I F = 3

5W. Belzig - PRB 71, 161301(R) (2005)
6C.W. Groth et al. - PRB 74, 125315 (2006)
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Lamb shift
Hamiltonian

HLS = ~
∑
α

ωαRα

precession frequencies
The precession frequencies for the block ρN (E∗) with spin S is
independent of Sz (ωα,Sz = ωα)

ωα = Γ0α
2π

∑
τ,E

〈N,α∗, Lz|d0τPN+1,Ed
†
0τ |N,α∗,−Lz〉pα (E − E∗)

+〈N,α∗, Lz|d†0τPN−1,Ed0τ |N,α∗,−Lz〉pα (E∗ − E)

I PNE = ∑
Sz ,Lz |N,E;S, Sz, Lz〉〈N,E;S, Sz, Lz|

I pα (∆E) = −Reψ
(

1
2 + i∆E−µα

2πkBT

)
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Lamb shift at the 50 ↔ 6 resonance
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master equation

0 = − i
~

[HLS, ρ5] + 2ΓRRρ6 −
Γ
2 {RL, ρ5} ,

0 = ΓTrTQD (RLρ5)− 4Γρ6
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Lamb shift at the 50 ↔ 6 resonance

ρ∞ = 1
D


D − 3ω2

R

2ω2
R

ω2
R

−
√

3ωR(Γ− i2(ωL − ωR))
−
√

3ωR(Γ + i2(ωL − ωR))


ρdd

ρcc

ρ6

ρdc

ρcd

with D = 2Γ2 + 8ω2
L − 12ωLωR + 9ω2

R.

I = −e4Γω2
R/3D

F =16ω2
R

(
2Γ2 + 53ω2

L

)− 176ωLωR
(
Γ2 + 4ω2

L

)
3D2

+ 20
(
Γ2 + 4ω2

L

)2 − 576ωLω3
R + 195ω4

R

3D2
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Lamb shift at the 50 ↔ 6 resonance
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